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Quantum networks are natural scenarios for the communication of information among distributed parties,
and the arena of promising schemes for distributed quantum computation. Measurement-based quantum com-
puting is a prominent example of how quantum networking, embodied by the generation of a special class of
multipartite states called cluster states, can be used to achieve a powerful paradigm for quantum information
processing. Here we analyze randomly generated cluster states in order to address the emergence of multipartite
correlations as a function of the density of edges in a given underlying graph. We find that the most widespread
multipartite entanglement does not correspond to the highest amount of edges in the cluster. We extend the
analysis to higher dimensions, finding similar results, which suggest the establishment of small world structures
in the entanglement sharing of randomised cluster states, which can be exploited in engineering more efficient
quantum information carriers.
I. INTRODUCTION
In 1929, the Hungarian author F. Karinthy famously set out
the concept of six degrees of separation [1], the conjecture ac-
cording to which any two living entities on Earth are distant
by no more than five intermediate steps. This concept was
reprised and developed later on more rigorous sociological
and statistical grounds. Remarkably, for instance, a variation
of the six degrees was unveiled by the group of A.-L. Barabasi
in 1999 [2], who predicted that any page in the World Wide
Web can be reached from any other one with only nineteen
intermediate steps (or clicks) on average.
As counterintuitive as this result might look, they are ac-
tually based on a very solid concept in graph theory, namely
the emergence of small worlds from connected networks. A
small-world network is a type of mathematical graph in which
most nodes are not neighbours of one another, but can be
reached from every other one by a small number of steps
that actually grows logarithmically with the number of nodes
themselves. The six and nineteen degrees of separation high-
lighted above are different yet similar manifestations of the
emergence of small worlds in a network.
Can these concepts be exported to the quantum domain?
While the theory of quantum networks has found fertile appli-
cations in quantum communication [3] and ground-breaking
results in the proposal of quantum repeaters for the faithful
long-haul transport of quantum information [4, 5], the im-
plications of the emergence of small worlds have been far
less explored, and mostly confined to studies of excitation-
transport and the analysis of the transition from localised to
delocalised regimes in spatially extended interacting-particle
models [6].
Here, inspired by the analogy between classical network
bonds and the correlations set between two elements of a
given network of quantum particles, we aim at exploring dif-
ferent aspects. In particular, motivated by the current experi-
mental state-of-the-art in linear optics, which makes available
controllable networks of interconnected information carriers,
we address the emergence of typical lengths in the (in gen-
eral multipartite) entanglement established by a random set
of unitary gates applied to the elements of a given graph. In
particular, we focus on a particular class of operations and
networks, i.e. those typically put in place in the procedure for
the creation of so-called cluster states, which are resources for
measurement-based quantum computing [7].
Such computational paradigm, which has been demon-
strated equivalent to any circuital quantum computing pro-
tocol, is of fundamental importance in quantum information
processing. Linear-optics measurement-based quantum infor-
mation processing has emerged as a promising avenue for the
exploration of controllable quantum protocols. Encoding and
entangling qubits in more than one degree of freedom of pho-
tons is a promising avenue for the generation of medium-to-
large scale photonic cluster states: hyperentanglement-based
protocols have so far allowed for the creation of cluster states
of up to 6 qubits [8], which have been used to validate funda-
mental one-way quantum algorithms [9, 10].
In this paper, by randomising the application of the ele-
mentary gates needed to engineer a cluster state of a given
size, we induce the establishment of small worlds in the un-
derlying network of a given physical system, and address how
the spreading of entanglement across the network itself is af-
fected by the degree of stochasticity of such gates. We unveil
an interesting hierarchy with which entanglement appears in
subnetworks of growing size: only a sufficient degree of de-
terminism allows for the settling of multipartite entanglement
within a given cluster lattice, the threshold for k-element en-
tanglement depending neatly on the number of elements k
itself. Moreover, we illustrate a fundamental difference be-
tween the phenomenology illustrated in this paper and re-
cently introduced concepts of classical entanglement perco-
lation [11].
The remainder of this paper is organised as follows. In
Sec. II we present randomly generated cluster states as the
platform for our investigation; in Sec. III we focus our atten-
tion to four-qubit cluster states, presenting a rich analysis on
the interplay between stochasticity of the gates used to set the
network and the settling of bipartite and multipartite entangle-
ment. In Sec. IV we extend our analysis to larger networks.
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2II. THEORETICAL FRAMEWORK
The approach that we use in order to investigate the core
question of our work can be schematised as follows.
1. We set the value of the threshold q and generate a
suitable number of random variables pij ∈ [0, 1],
which embody the probabilities to apply the gate
CPHASEi,j(pi) to the pair of qubits (ei, ej).
2. We compare pij to q. Should it be pij < q (pij >
q), CPHASEi,j(pi) is (not) applied. We exhaust the
number of all inequivalent pairs of qubits in the net-
work. This produces the network state |ψ〉Σ, where
Σ = {e1, . . . , eN} is the set of qubits of the register.
3. We compute the reduced density matrices ρσ =
TrΣ\σ [|ψ〉〈ψ|Σ] that are obtained upon tracing the
overall state over all qubits but those in the subset
σ ∈ Σ.
4. We calculate the percent fraction of such reductions that
are entangled at the set value of q.
5. In order to eliminate any dependence on the specific
random pattern of applications of the joint gate, we re-
peat the procedure above for a number Q  1 of in-
stances.
6. WhenQ is reached, we change q and repeat the protocol
from point 1. to 5.
Needless to say, the number of applications of CPHASEi,j(pi)
at a set value of the threshold depends strongly on the actual
value of q itself: the larger the chosen value of q, the higher
the number of gate applications. This is illustrated in Fig. 1,
where we show the different configurations achieved for a net-
work ofN = 8 elements for q = 0.2, 0.5 and 1, which is asso-
ciated with a fully connected graph. It is important to remark
that, in our notation as well as in Fig. 1, a bond connecting
elements ei and ej only means that gate CPHASEi,j(pi) was
applied, and does not imply the existence of entanglement be-
tween such elements.
Scope of our investigation is ascertaining the phenomenol-
ogy of distribution of (in general) multipartite entanglement
across a given network. In particular, we will focus on the
possible emergence of special values of q that are associated
with the onset of multipartite entanglement, and the charac-
terisation of such quantum correlations.
III. ANALYSIS OF THE ENTANGLEMENT STRUCTURE
IN A RANDOM FOUR-QUBIT STATE
We start our analysis by focusing on an intuitive figure of
merit that is nevertheless able to provide crucial information
on the distribution of entanglement across one of the random
graph states discussed above, namely state purity. We thus
proceed to compute the purity
Pσ = Trσ[ρ2σ] ∈ [0, 1] (1)
FIG. 1. Example of instances of an N=8 qubits random cluster states.
From leftmost to rightmost panel we have taken q = 0.2, q = 0.5,
and q = 1 respectively.
of the reduced density matrix ρσ , and use the fact that, given
the overall pure nature of |ψ〉Σ, a value of Pσ < 1 necessar-
ily implies entanglement in the bipartition (Σ\σ)|σ. We have
thus implemented the protocol illustrated in Sec. II by calcu-
lating, in step 4., the percentage of reductions with Pσ < 1.
In order to illustrate the salient features of our analysis, we
now address explicitly the case of N = 4, for which Σ =
{e1, . . . , e4}. The state that would be produced by applying
CPHASEi,j(pi) gates to every pair of qubits in the network,
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FIG. 2. We study the percentage fraction of mixed-state reductions
that can be identified in a network of N = 4 elements, against the
threshold parameter q. The blue (red) dots show the results of the nu-
merical experiment aimed at quantifying the fraction of mixed two-
qubit (one-qubit) reductions. The orange points identify the values
of the percentage fraction F2 of two-qubit reductions whose purity
is exactly 1/4. The solid lines are non-linear interpolations of the
data points. Each point is the result of an average over a sample of
Q = 5000 elements. Error bars show the standard deviations associ-
ated with such averages. Dashed lines T2,3 identify the value of q at
which the number of mixed two- and one-qubit reductions is at least
99.9% of the possible ones. The line labelled max[F2] identifies the
value of q at which the maximum of F2 occurs.
3which would correspond to chosing q = 1, reads
|ψ〉Σ = 1√
2
Hˆe4(|φ+〉e1e4 |φ−〉e2e3 + |ψ+〉e1e4 |ψ−〉e2e3)
=
1√
2
Hˆe3(|φ−〉e1e2 |φ+〉e3e4 − |ψ+〉e1e2 |ψ−〉e3e4)
=
1√
2
Hˆe2(|φ−〉e1e3 |φ+〉e2e4 − |ψ+〉e1e2 |ψ−〉e2e4)
=
1√
2
Hˆe1(|φ−〉e1e2 |φ+〉e3e4 − |ψ+〉e1e2 |ψ−〉e3e4)
(2)
where Hˆej is the Hadamard gate on qubit ej and we have in-
troduced the Bell states |φ±〉eiej = (|00〉 ± |11〉)eiej/
√
2,
|ψ±〉eiej = (|01〉 ± |10〉)eiej/
√
2. The orthogonality of
Bell states ensures that entanglement exists in the three
inequivalent bipartition (ei, ej)|(ek, el). Moreover, it is
equally straightforward to check that any single-qubit reduc-
tion is maximally mixed. Therefore, also the bipartitions
ei|(ej , ek, el) are entangled. This implies that for q = 1 we
expect all six bipartitions that can be identified to be insep-
arable and the state to be genuinely multipartite entangled.
The purity of the associated reduced states is thus necessarily
smaller than one. However, for q < 1 the number of mixed-
state reduction is not necessarily as large as six, and our cal-
culations aim at quantifying the percentage of such reduced
states as q is varied.
The results of such calculations are presented in Fig. 2 (blue
and red dots), where each data point is the result of an average
overQ = 5000 random instances, a sample-size that was large
enough to ensure convergence of the numerics. The error bars
attached to each point show the uncertainty associated to the
averages, calculated as the standard deviation of each Q-sized
sample and divided by
√
Q. Clearly, for q = 0 the state of
the network is deterministically found to be the factorised ini-
tial state ⊗4j=1|+〉ej , while for q = 1 we retrieve the result
anticipated above [cf. Eq. (2)]. In between such extreme sit-
uations, the number of inseparable two-vs.-two and one-vs.-
three qubits bipartitions (equivalently, mixed two-qubit and
one-qubit states) grows monotonically with q, albeit at slightly
different rates. In particular, we find that the percentage frac-
tion of inseparable two-vs-two (three-vs-one) qubits biparti-
tions exceeds 99.9% at q = 0.82 ± 0.01 (q = 0.89 ± 0.01),
as shown by the vertical dashed line marked as T2 (T3) in
Fig. 2. The nominal positions (uncertainties) of T2,3 have
been obtained as the average (standard deviations) over 100
analytical non-linear interpolations of the results of our simu-
lations, each producing the functions f2,3(q) (whose averages
are shown by the blue and red lines in Fig. 2) that have been
used to solve numerically the equations f2,3(q) = 99.9. Quite
clearly, T2 6= T3 beyond statistical errors, which implies that
the random network at hand requires a higher threshold in q
to produce a complete set of inseparable one-vs-three qubits
bipartitions.
Needless to say, the empirical rule of “no free lunch” ap-
plies here as well: the establishment of multipartite entangle-
ment in the network under scrutiny has to come at the ex-
penses of something else, in light of the monogamy of entan-
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FIG. 3. Average four-partite negativity E4 plotted against q obtained
for a sample of Q = 5000 random network states. The error bars
are the standard deviations associated with the averages. The orange
solid line is a non-linear interpolating function whose maximum is
achieved at q = 0.72± 0.01 (vertical dashed line).
glement. The specific algorithm at hand allows us to explore
who pays the toll represented by the establishment of genuine
multipartite entanglement in the random network.
In particular, we expect bipartite entanglement to be af-
fected by the emergence of multipartite one. Such expectation
is corroborated by the analysis summarized by the orange dots
and curve in Fig. 2, which show the percentage fraction F2
of two-vs.-two qubits reductions of random states at a given
value of q that have purity exactly equal to 1/4, which is the
lowest a two-qubit state can achieve and witnesses maximum
entanglement across the (ei, ej)|(ek, el) bipartition. Quite in-
tuitively, F2 grows at small values of q: a low threshold im-
plies very small probability to apply multiple CPHASE gates,
which inevitably favours the construction of maximally entan-
gled two-qubit states. For q ' 1, we have a large probability
that one qubit is affected by multiple CPHASE gates. Intu-
itively, this should be able to set strong multipartite entangle-
ment and deplete the degree of bipartite one, and we expect
F2 to decrease accordingly. Indeed, we know that at q = 1
we have a genuinely multipartite entangled. The orange dots
in Fig. 2 confirm such expectation, and show the occurrence of
a maximum of F2 that is close, yet not identical, to the cho-
sen thresholds T2,3 discussed above (we have that max[F2]
occurs at q = 0.72± 0.01).
Of course, counting for the number of reductions that are
in mixed states does not provide full information about the
actual degree of multipartite entanglement that is established
among the elements of the network. Only the assessment of a
figure of merit for genuine multipartite entanglement can give
us insight into. We have thus decided to use the N−partite
generalisation of negativity as a quantifier of the degree of
entanglement within our resource state. This is defined as
EN = N
√
Π{σ}Eσ|Σ\σ (3)
where Eσ|Σ\σ is the negativity of the partially transposed den-
sity matrix of the bipartition σ|Σ\σ and the product extends
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FIG. 4. Main panel: Logarithmic plot of the entanglement within the
average estate ρΣ of anN = 4 random network against the threshold
probability q. The red dots show the value taken by the four-partite
negativity E4, while the blue and orange ones are for the entangle-
ment within the bipartitions (ei, ej)|(ek, el) and (ei)|(ej , ek, el).
The lines connecting the dots are simply guides to the eye. Inset
(a): Purity PΣ of the average state against q. The dashed horizon-
tal line shows the minimum purity of a four-qubit state. Inset (b):
Values taken by the measure of coherence C against the threshold
probability.
to all the bipartitions. We recall the definition of negativity as
Eσ|Σ\σ = max[0,−2
∑
j
λ−j ] (4)
with {λ−j } the set of negative eigenvalues of the partially
transposed (with respect to any of the subparties) density ma-
trix of the bipartition σ|Σ\σ. The geometric average upon
which Eq. (3) is built is null whenever at least one of the bi-
partitions of the network is positive under partial transposi-
tion. Therefore, only if all bipartitions are certified insepara-
ble according to the partial transposition criterion is the state
of the network genuinely multipartite entangled. While this
does not exclude the possibility of facing bound entanglement,
the problem addressed in this work never presents states that
are positive under partial transposition (with the exception of
the state achieved for q = 0, which is identical to the fac-
torised initial state). Fig. 3 shows the behavior of E4 against
q. While for q > 0 we always have four-partite entanglement
(in line with the finding in Fig. 2), it is remarkable that q = 1
is not associated with the largest degree of four-partite nega-
tivity, which actually occurs at q = 0.72± 0.01.
We continue the assessment of the four-partite case by
pointing out the differences between the average behavior of
the figures of merit addressed herein and the values taken by
such indicators over the average state of the network. The
latter is defined as the state obtained upon mediating over Q
random instances of network states. Formally, by assuming
all instances to be equally likely to occur (which is entailed
by choosing the probabilities to apply gates CPHASEi,j(pi)
uniformly), the physical state of the system is described by
the density matrix
ρΣ =
1
Q
Q∑
j=1
|ψ〉〈ψ|Σ,j , (5)
where |ψ〉〈ψ|Σ,j is the jth random state of the Q-sized sam-
ple. With the exception of the cases associated with q = 0, 1
(when we sum identically prepared states), by averaging we
lose the purity of the network state: PΣ reaches values as
low as ' 0.14 for q = 0.5 [cf. Inset (a) of Fig. 4], which is
however larger than the minimum purity 1/16 achievable by a
four-qubit state. Despite being mixed, the average state of the
network preserves significant quantum coherences as quanti-
fied by the measure proposed in Ref. [12] and fomalised as
C =
∑
i 6=j
|(ρΣ)ij | (6)
with |(ρΣ)ij | the off-diagonal elements of the density matrix
ρΣ. The behavior of C against q is shown in Inset (b) in Fig. 4:
a minimum of the measure of coherence is achieved in corre-
spondence of the minimum purity. However, such a minimum
is strictly non-null, thus leaving open the possibility of dealing
with a (mixed) entangled state of the network. Such a possi-
bility is confirmed by the analysis of the four-partite negativity
E4 [cf. main panel of Fig. 4], which is a growing function of
q [similar trends are exhibited by both the two-vs.-two qubits
entanglement E(ei,ej)|(ek,el), and the one-vs.three qubits oneE(ei)|(ej ,ek,el)]. Nothing remarkable in the behavior of E4 ap-
pears to be related to the value of q = 0.5, although the en-
tanglement function changes concavity in correspondence to
such a value of the probability threshold.
To finish the study of this paradigmatic case, we report in
the main panel of Fig. 5 the behavior of the tripartite entangle-
ment in the four three-qubit reduced states that can be singled
out from our network. We have used the tripartite version of
Eq. (3) to quantify the entanglement and changed our nota-
tion so as to make explicit the triplets of elements of the net-
work that we ave considered. Moreover, by tracing out two
elements, we have evaluated the residual two-qubit entangle-
ment, whose average across the six two-qubit reductions is
displayed in the inset of Fig. 5. The general trend of such
figures of merit follows the expectation that, in the large-q re-
gion, the entanglement in the reduction is depleted to favour
the emergence of genuinely multipartite one. Moreover, their
quantitative value is, in general, very small. A point of no-
tice is that the peak of three- and two-qubit negativity does
not occur at the same value of q, thus suggesting an interest-
ing hierarchy of values of q at which the various structures of
entanglement across the system are triggered or destroyed.
IV. ENLARGING THE SIZE OF THE NETWORK
We now assess the features of larger networks of qubits, ad-
dressing questions that are akin to those assessed in Sec. III.
Features similar to those showcased in the four-qubit network
are present in all the higher-dimensional systems that we have
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FIG. 5. Main panel: Tripartite negativity in the three-qubit reduc-
tions identified in the legend, plotted against q. Each plot is an aver-
age overQ = 5000 realisation of the random network state (we omit
the error bars for clarity of presentation). Inset: Mean bipartite neg-
ativity Ebip averaged over the 6 two-qubit reduced states that can be
singled out from our network. Same conditions as in the main panel.
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FIG. 6. We study the percentage fraction of mixed-state reductions
that can be identified in a network of N = 5 elements, against the
threshold parameter q. The red dots show the results of the nu-
merical experiment aimed at quantifying the fraction of mixed two-
and three-qubit reductions, which actually coincide. The purple dots
show the results for the one-qubit reductions.The orange points iden-
tify the values of the percentage fraction F2 of two-qubit reductions
whose purity is exactly 1/4. The solid lines are non-linear interpo-
lations of the data points. Each point is the result of an average over
a sample of Q = 104 elements. Error bars show the standard devia-
tions associated with such averages. Dashed lines T2,3 (T4) identify
the value of q at which the number of mixed two- and three-qubit
(one-qubit) reductions is at least 99.9% of the possible ones. The
line labelled max[F2] identifies the value of q at which the maxi-
mum of F2 occurs.
studied through our simulations. For instance, Figs. 6 and 7
display the same behaviors highlighted in Figs. 2 and 4, re-
spectively. Rather than reporting qualitatively similar plots
for larger networks, in Table I we present the threshold values
of q at which progressively larger reductions of the state of the
network are mixed.
The trend is clear: as we look into larger networks, the
P⌃ Inset (a)
Inset (b)
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FIG. 7. Main panel: Logarithmic plot of the entanglement within
the average estate ρΣ of an N = 5 random network against the
threshold probability q. The red dots show the value taken by
the four-partite negativity E5, while the blue and orange ones are
for the entanglement within the bipartitions (ei, ej)|(ek, el, em) and
(ei)|(ej , ek, el, em). The lines connecting the dots are simply guides
to the eye. Inset (a): Purity PΣ of the average state against q. The
dashed horizontal line shows the minimum purity of a four-qubit
state. Inset (b): Values taken by the measure of coherence C against
the threshold probability.
value of Tk (k = 2, 3, . . . ) decreases.
A. Entanglement Percolation
It is interesting to compare our analysis to entanglement
percolation, a concept akin to classical bond percolation in-
troduced in Ref. [11]. Consider a graph of particles akin to
one of those addressed in this paper. This time, though, a
link between two elements implies the presence of entangle-
ment between them. Refs. [11] show the existence of a min-
imum amount of entanglement between any two elements of
the network needed to establish a perfect quantum channel
between distant (not directly connected) elements, with sig-
nificant (non-exponentially decaying) probability.
N 4 5 6 · · · 9
maxF2 0.72 0.66 0.64 0.40
T2 0.82 0.67 0.57 0.39
T3 0.89 0.67 0.54 0.31
T4  0.818 0.57 0.27
T5   0.75 0.27
T6    0.31
T7    0.39
T8    0.40
TABLE I. The table shows the threshold value of q at which the frac-
tion of progressively larger reductions in an N -element random net-
work is at least 99.9%. Black squares stands for unavailable data
at that size of the network. As before, max[F2] is the value of q at
which the maximum of F2 occurs.
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FIG. 8. Percentage of reduced states of elements e1 and e4 of an
N = 6 random network exhibiting a non-zero negativity, plotted
against q, for a sample of 5×104 states.
This is fundamentally different from our situation, where
instead we point out the existence of a minimum probability to
randomly apply a two-qubit gate in a network associated with
the establishment of a genuinely multipartite entangled state
of the network. Our threshold does not guarantee the existence
of a long-distance entangled channel between arbitrarily cho-
sen elements of the network. In fact, non-nearest-neighbour
elements of a cluster state are not necessarily entangled, their
entanglement being in general dependent on the geometry of
the underlying network.
In order to ascertain if a value of q exists above which long-
haul entanglement is set in the network, we computed the neg-
ativity of the reduced state of the qubits that have the largest
number of intermediate sites between them, at a given value
of N . This is analogous to the study presented in the inset
of Fig. 5, although instead of an average over all the possible
two-qubit reductions, here we consider now only a specific re-
duction. Fig. 8 shows the results valid for the case of N = 6,
for which we address the entanglement between elements e1
and e4. We have considered the percentage of reductions of
such elements with a non-zero value of negativity against the
value of q. Quite clearly, such a percentage remains always
very small, regardless of q, showing that no classical entan-
glement percolation effect occurs, as there is no value of q at
which long-distance entanglement within the network is set
deterministically. The results should be considered as canon-
ical, qualitatively valid regardless of the actual choice of N ,
and indicative of the profound differences between the situa-
tion addressed here and the study in Ref. [11].
V. CONCLUSIONS
We have studied the entanglement sharing structure among
the elements of a qubit network subjected to probabilistic
CPHASE gates. We have highlighted the existence of statisti-
cally inequivalent thresholds in the probability of application
of the gates for the settling of entanglement in various subsets
of network elements, thus unveiling an interesting hierarchy
in the entanglement distribution pattern of a given network.
The phenomenology that we have highlighted cannot be un-
derstood in terms of the statistical properties of an intuitive,
yet too naive, reference state such as the one obtained by av-
eraging overall the elements of the random set of states gener-
ated in our numerical experiments: the above-mentioned hier-
archy is a statistical feature of random networks rather than a
property of the statistically average state of the network. Re-
markably, small worlds structures in the entanglement sharing
of the random set of network states appear to emerge. This is
an interesting feature that deserves more attention and upon
which we plan to focus our forthcoming (theoretical and ex-
perimental) efforts.
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